In this paper, we introduce the Bernoulli polynomials with the variable [x] q and we get polynomials related to the Bernoulli polynomials with the variable [x] q and the Bernoulli numbers as coefficients. This Bernoulli polynomials is defined by the p-adic integral and we get the some interesting properties. Also we study the analogue zeta function using the Bernoulli polynomials with the variable [x] q .
Introduction
Bernoulli numbers and polynomials possess many interesting properties and arising in many areas of mathematics, mathematical physics and statistical physics. L. Carliz(1907 Carliz( -1999 introduced the q-Bernoulli numbers and polynomials(see [2] ) for the first time. Recently, many mathematicians have studied in the area of Bernoulli numbers and polynomials (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ). In this paper, we research some properties of the Bernoulli polynomials with variables [x] q and some relations of the Bernoulli polynomials with variables [x] q and the analogue zeta function for the special case.
Throughout this paper, we use the following notations. By Z p we denote the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, C p denotes the completion of algebraic closure of Q p , N denotes the set of natural numbers, Z denotes the ring of rational integers, Q denotes the field of rational numbers, C denotes the set of complex numbers, and Z + = N ∪ {0}. Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = p −1 . When one talks of q-extension, q is considered in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number q ∈ C p . If q ∈ C one normally assume that |q| < 1. If q ∈ C p , we normally assume that |q −1| p < p
Throughout this paper we use the notation:
Hence, lim q→1 [x] q = x for any x with |x| p ≤ 1 in the present p-adic case. For
the fermionic p-adic q-integral on Z p is defined by T.Kim as below:
g(x) (cf. [9, 10, 14] ) .
Let
where C p m = {w|w p m = 1} is the cyclic group of order p m . For w ∈ T p , we denote by φ w : Z p → C p the locally constant function x −→ w x . If we take f 1 (x) = f (x + 1) in (1), then we easily see that
From (2), we obtain
where f n (x) = f (x + n)(cf. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ). For a fixed positive interger d , (d, p) = 1, let
(a + dp N Z p ) and a + f p N Z = {x ∈ X|x ≡ a(mod dp N ), where a ∈ Z and 0 ≤ a < dp N . We say that f is an uniformly differential function at a point a ∈ Z p and denote this property by f ∈ U D(Z p ) if the difference quotients
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A note on the Bernoulli polynomials with the variable [x] q and it's applications
In this section we simply introduce the Bernoulli polynomials B n,q (x) and it's some properties.
Let f (y) = e ([x]q+y)t . Then from (2), we get the witt's formula as below:
Therefore, we have the following;
where B n,q (0) = B n,q and the generating function of B n,q is t e t +1 . Theorem 2.1. For n ≥ 0, one has
Let f (x) = e ([y]q+x)t . Then from (1)
and
By derivation, we get as below:
Hence, from (1), (6), (7) and (8) we have the following theorem.
. Then
From (9) and (10), we get the following complement theorem.
3 Some properties of the Bernoulli polynomials B n,q (x)
In this section, we derive some identities related the Bernoulli polynomials
. Then, from above function we get
Let us define differential operator
where k ∈ N and I is an identity operator.
By multiplying e −t on both side in (11), we have
Let us take differential operator D m (m ∈ N) on both side of (12). Then we have
By multiplying e t on both side of (13)
By (14)
Since
, from (15) we get the following theorem. 
We consider the q-integral on Z p for B n,q (x).
From (16) we get the following theorem.
∂t n be a partial derivative operator. Then we know that
. Then from (17)
(18) Let take t = 0. Then we have
By using the above equation, we are now ready to define the q-Bernoulli Herwitz-zeta function. Definition 3.3. For s ∈ C, one defines
Note that ζ q (x : s) is a meromorphic function on C. If x = 0, then ζ q (0 : s) is a zeta function ζ(s). Relation between ζ q (x : s) and B k,w (x : a) is given by the following theorem. 
In particular, from Theorem 3.4 and [0] q = 0 if we take x = 0, we get
Let s be the positive integer. Then from B n,q (1) = (−1) n B n,q −1 , we have
Therefore, we get the following theorem.
Theorem 3.5. For positive integer s
From (11) and p-adic integral, we have
As well known definition, Bernstein polynomials of degree n are given by
From integral, we have
From integral for Bernstein polynomials, we get two properties as below:
Therefore, from (24) and (25), we get the following theorem.
Theorem 3.6. For n, k ∈ Z + with n > k + 1, we have
Let n 1 , n 2 , k ∈ Z + with n 1 + n 2 > 2k + 1. Then we get
Therefore, from (26) and (27) we get the following Theorem.
Theorem 3.7. For n 1 , n 2 , k ∈ Z + with n 1 + n 2 > 2k + 1. Then we get
For n 1 , n 2 , n 3 , k ∈ Z + with n 1 + n 2 + n 3 > 3k + 1. Let n 1 + n 2 + n 3 = s. Then we get
Therefore, from (28) and (29) we get the following Theorem.
Theorem 3.8. For n 1 , n 2 , n 3 , k ∈ Z + with n 1 + n 2 + n 3 > 3k + 1. Let n 1 + n 2 + n 3 = s Then we get
Using the above Theorem and mathematical induction, we have the following theorem.
Theorem 3.9. Let s ∈ N. For n 1 , n 2 , n 3 , · · · n s , k ∈ Z + with n 1 + n 2 + · · · + n s > sk + 1, the multiplication of the sequence of Bernstein polynomials B k,n 1 (x), B k,n 2 (x), · · · , B k,ns (x) with different degrees under bosonic p-adic invariant integral on Z p can be given as 
From (30) and (31), we have the following corollary.
Corollary 3.10. Let n 1 , n 2 , n 3 , · · · n s , k ∈ Z + with n 1 + n 2 + · · · + n s > sk + 1. We have 
